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ANALYTIC REPRESENTATION OF NONELASTIC CROSS SECTIONS AND

PARTICLE-EMISSION SPECTRA FROM NUCLEON-NUCLEUS COLLISIONS

IN THE ENERGY RANGE 25 TO 400 MeV

R. G. Alsmiller, Jr., M. Leimdorfer, and J. Barish*

ABSTRACT

Analytic fits, obtained by the method of linear least squares, to

the intranuclear-cascade data generated by H. W. Bertini are given. For

both protons and neutrons incident on the elements C, O, AI, Cr, Cu, Ru,

Ce, W, Pb, and U, analytic expressions are given for:

i. the nonelastic cross section as a function of energy;

2. the cascade neutron- and proton-emission spectra in the

angular intervals 0-30 ° , 30-60 °, 60-90 ° , and 90-150°;

3- the evaporation neutron- and proton-emission spectra

(assumed isotropic); and

4. the cascade neutron- and proton-emission spectra inte-

grated over all angles.

*Computing Technology Center, Union Carbide Corporation, Oak Ridge,
Tennessee.
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I. INTRODUCTION

Using an intranuclear-cascade model, H. W. Bertini has generated a

large amount of data on the nonelastic cross sections and the energy and

angular distributions of emitted neutrons and protons whenneutrons and

protons in the energy range 25 to 400 MeVare incident on a variety of

targets, l-s* The calculations were carried out using Monte Carlo methods

and the data were presented in the form of histograms which contain, of

course, statistical fluctuations. In order to make this large amount of

data more accessible and to remove insofar as possible the statistical

fluctuations, the data have been fitted using the method of linear least

squares. In this paper, the fitting procedure is discussed, and tables

of the coefficients which occur in the fitted functions are given.

For both protons and neutrons in the energy range 25 to 400 MeV, in-

cident on the elements C, O, AI, Cr, Cu, Ru, Ce, W, Pb, and U, analytic

expressions are given for:

i. the nonelastic cross section as a function of energy;

2. the cascade** neutron- and proton-emission spectra in the lab-

oratory angular intervals 0-30° , 30-60° , 60-90° , and 90-180°;

3. the evaporation** neutron- and proton-emission spectra (assumed

isotropic); and

4. the cascade neutron- and proton-emission spectra integrated

over all angles.

*All of the data calculated by Be_tini _ have been recorded on microfilm
and are available on request from the Radiation Shielding Information
Center of the Oak Ridge National Laboratory. The data on pion-nucleus
collisions are not considered in this paper.

**See ref. i for a discussiom of the distinction between cascade and
evaporation particles.



The cascade emission spectra integrated over all angles can be obtained by

summingthe emission spectra in the individual angular intervals. This

procedure_ however_ leads to functions which involve manymore parameters

than are necessary_ so separate fits for the angle-integrated spectra are

given.
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II. NONELASTICCROSSSECTION

In manyways the nonelastic cross section is the easiest part of the

data to fit because the Monte Carlo calculation in this case gives an esti-

mate of the cross section at discrete energies. Let _E. be the cross-section
1

value given by the Monte Carlo calculation at energy E. and let _(E), the
i

assumed analytic form of the cross section, be given by

E J
_(E) = exp E L aj< 0-_) ] '

j=o

(i)

where the a.'s are coefficients which are to be determined and v is a
0

parameter which must be specified. To determine the coefficients, a

quantity R is defined by

1
E. j=o

i

(2)

and it is required that R be a minimum with respect to the a.'s. Taking
0

the derivative of R with respect to each a. and setting the derivative equal
0

to zero leads to a set of linear equations for the a.'s, which may easily
0

be solved.

In calculating the cross-section fits, v was in general taken to be 4.

In some cases, however, this led to unphysical oscillations in the cross

section. To avoid this_ the derivative of _ was tested for sign changes

and no more than two such changes were allowed. If v = 4 led to more than

two sign changes, the fit was recalculated using v = 3, the test was again

applied, and so on. In only one case - protons incident on lead - was it

necessary to go to v = 2.
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Figure i showsa comparison between the Monte Carlo cross-section

values and the analytic cross section for the case of protons incident on

aluminum. The points give the Monte Carlo values and the smooth curve is

obtained from the fitted function. This comparison is roughly similar to

the comparisons in the other cases.*

The calculated coefficients for protons and neutrons incident on all

ten elements considered are given in Table i. Whenthese coefficients are

used in Eq. i, the cross section is given in millibarns. It should be

carefully noted that the analytic expression for the cross section is valid

only between EMIN and EMAX. If an attempt is madeto use the expression

outside of these limits_ quite wild behavior mayoccur.

*Graphs comparing the analytic functions with the Monte Carlo results for
every fit considered in this paper have been put on microfiche and are
available on request from the Radiation Shielding Information Center of
the Oak Ridge National Laboratory.
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III. PARTICLE EMISSION SPECTRA

A. Cascade Neutron- and Proton-Emission Spectra

The cascade neutrons and protons emitted from nucleon-nucleus colli-

sions have complicated energy-angle distributions with the high-energy

particles emitted predominantly at the smaller angles. The Monte Carlo re-

sults presented by Bertini _ give the emission spectra in the form of a

histogram, with equal energy intervals, averaged over specified angular in-

tervals. It is these spectra which have been fitted. However, for fitting

purposes, it was found that equal intervals in energy were not convenient

so, before the fitting was carried out, the Monte Carlo history tapes were

re-analyzed. This analysis was carried out to form a histogram with un-

equal energy intervals but with the same number of emitted particles in

each interval. In each histogram interval, the energy, such that within

the interval equal numbers of particles were emitted above and below this

energy, was determined, and the histogram value was assumed to be an esti-

mate of the energy distribution at this energy.*

Let FE. be this Monte Carlo estimate of the energy distribution
i

(number of emitted particles per MeV per steradian per collision) averaged

over a specified angular interval at the energy E. and let F(E), the
I

assumed analytic form of the distribution, be defined by

= 1 E J

o o
j=o

where E is the energy of the incident particle. It is to be understood
o

*This procedure was varied slightly in the very highest energy interval in

each histogram. _le complete details of the analysis procedure are given

in Appendix i.



that FE. and the function F(E) dependon the type of incident particle, the
i

energy of the incident particle, the element considered, the type of emergent

particle, and o_ the angular interval used in carrying out the average. To

determine the coefficient, R was defined by the equation,

v f Ei _j__

R =_ llog(Eo FE. ) - _ aj_--_ ] , (4)

E. I j=o o
i

and was minimized with respect to the a.'s.
J

In the calculations, v was in general taken to be 5 or to be the number

of histogram intervals minus 2 when there were less than seven intervals in

the histogram.* In some cases, however, this large number of parameters led

to excessive oscillation in the fitted distributions. To avoid this, the

derivative of Eq. 3 was tested for sign changes and only two such changes

were allowed. If more than two occurred, the fit was recalculated with v

reduced by i and the test was reapplied. This procedure was continued until

a satisfactory fit was obtained or until v = 2 was reached. If v = 2 was

reached, the fit was accepted without further testing.

In Figs. 2-5 the smooth curves obtained with the analytic fit are com-

pared with the Monte Carlo histograms for the case of neutrons emitted from

400-MeV protons on aluminum in the angular intervals 0-30 °, 30-60 °, 60-90 °,

and 90-180 °, respectively. The comparisons shown in these figures are simi-

lar to the comparisons in the other cases.

*See Appendix i.
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The coefficients for all of the cases considered are given in Tables 2

through 41.* At the top of each table, the type of incident particle, the

element, and the type of emitted particle are given. The first column in

the table gives the incident energy, Eo, the second column gives the lab-

oratory angular interval over which the data were averaged, and columns

three through eight give the coefficients. Whenthese coefficients are

used in Eq. 3, the function F has the units numberper MeVper steradian

per collision. Here and throughout the tables the coefficients are given

with eight significant figures. This is, of course, more than is justified

by either the Monte Carlo data or the accuracy of the fits. The numbers

given, however, are those which were used in calculating the smooth curves

in the graphs. If the coefficients are trumcated, curves different from

those shownin the graphs may occur. At the top of each table, EMIN is

given and, in the last column of each table, EMAX divided by E° is given.

This EMIN is a parameter which occurs in the calculations of Bertini and

represents the energy below which no cascade particles are emitted. The

quantity, EMAX,gives the highest energy considered in doing the fitting -

that is, it is the highest energy point fitted in a given angular interval.

It must be understood that if the analytic functions are used outside of

the energy interval EMIN to EMAX,very erratic behavior may occur. Finally,

columns nine and ten give the numberof particles of a given type emitted

per collision in a given angular region and the sumof the energy of these

particles divided by Eo, respectively. The values in these columns are

obtained using the fitted functions and the equations

*Values of X for each of the fits are given in Appendix 2.
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No. of Emitted Particles = 2_[cos 8 - cos 8 ]

and

EMAX
] F(E)_

EMIN

(5)

2_[cos 8I- cos 8 ] EMAX

Energy of Emitted Particles/E ° = E 2 _ EF(E)dE , (6)

o EMI N

where e and e are the angular limits given in column two
I 2

In those places in the tables where only three coefficients are given_

the fits must be considered somewhat more approximate than when more co-

efficients are given. In a few cases, all of the coefficients are given to

be zero. When this occurs_ it means that so few particles were emitted in

a given angular interval that the Monte Carlo results were not considered

statistically significant and no attempt was made to obtain a fit. In these

cases_ the number of emitted particles is still given in column nine of the

tables for comparison purposes. This number, of course, is not obtained

from Eq. 5 but is taken directly from the Monte Carlo results.

B. Evaporation Neutron- and Proton-Emission Spectra

...... _.... used to _i+ +_ _u_on- and proton-evanoration spectra

is very similar to that used in the case of the cascade spectra. The Monte

Carlo results presented by Bertini give the emission spectra integrated

over all angles in the form of a histogram with equal energy intervals.*

The equal energy intervals were again found to be inconvenient so a histo-

gram was constructed with unequal energy intervals determined in such a way

that the probability for a particle to be emitted in each interval was the

*The evaporation particles are by assumption emitted isotropically.
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same.* Within each interval_ the central energy, determined by the con-

dition that a particle within the interval be equally likely to be above

and below this energy_ was obtained and the histogram value was taken to be

an estimate of the energy distribution at this central energy.

The analytic function, G(E), used for the fitting was defined by

= i E "j

j=o

and the coefficients were determined by requiring that the quantity R, de-

fined as in Eq. 4 with E ° replaced by 25, be a minimum. A scaling factor

of 25 was used because evaporation particles with energy higher than this

were not considered in the Bertini calculations. The fitting procedure was

exactly the same as in the case of the cascade spectra.

In Figs. 6 and 7 the smooth curves obtained with the analytic fit are

compared with the Monte Carlo histograms for neutrons and protons, respec-

tively, emitted from 400-MeV protons on aluminum. The comparisons shown

in the figures are similar to the comparisons in the other cases. In par-

ticular, the failure of the analytic curve to reproduce well the low-energy

portion of the histogram in the case of evaporation protons, Fig. 7, should

be noted because this is generally true of all of the fits to the evapora-

tion proton spectra.

The coefficients for all of the cases considered are given in Tables 42

through 61.** At the top of each table the type of incident particle and

the element are given. Each table contains the coefficients for both emitted

*The details of this analysis are given in Appendix i.

**Values of X_ for each of the fits are given in Appendix 2.
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protons and emitted neutrons. The first column in each table gives the

incident energy Eo, and columns two through seven give the coefficients

which occur in Eq. 7. -Whenthese coefficients are used, G(E) has units

numberper MeVper collision. Columnseight and nine give the numberof

emitted particles and the energy of the emitted particles divided by Eo.

These quantities were determined using the fitted functions and the equa-

tions

and

EMAX
No. of Emitted Particles = G(E)dE (8)

1 sa(s) (9)Energy of Emitted Particles/E ° = _--

o EMI N

where

EMA X = the highest energy point considered in the fitting,

EMI N = the lowest energy particle emitted in the Monte Carlo studies.

The values of EMA X and EMI N divided by E° are given in columns ten and

eleven, respectively. As before, the analytic functions are to be used only

between the energies EMI N and EMA X.

In those places in the tables where only three coefficients are given_

the fits must be considered very approximate. In some cases, all of the

coefficients are given to be zero. When this occurs, it means that so few

particles of a given type were omitted that the Monte Carlo results were

not considered statistically significant_ and no attempt was made to obtain

a fit. In these cases_ the number of emitted particles is still given in

column eight of the tables. This number, of course, is not obtained from

Eq. $ but is taken directly from the Monte Carlo results.
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C. Cascade Neutron- and Proton-Emission Spectra Integrated Over All Angles

The cascade particle-emission spectra integrated over all angles can

be obtained directly from the results given in section A. The spectra ob-

tained in this manner, however, contain many more parameters than are re-

quired to obtain a reasonable fit. To avoid this, the Monte Carlo results

were integrated over angles and the resulting spectra were fitted separately.

The procedure used to form the histograms from the angle-integrated

Monte Carlo data and to fit the histograms was the same as described in

section A.

In Figs. 8 and 9 the analytic fits are compared with the Monte Carlo

histograms for cascade protons and neutrons, respectively, emitted from

400-MeV protons on aluminum.

The coefficients for all of the cases considered are given in Tables 62

through 81.* These coefficients are to be used in conjunction with the

function F defined in Eq. 4. When this is done, F has the units number

per MeV per collision. It is important to note that in this section F is

not expressed per steradian as in section A. The quantity EMAX/Eo, given

in the last column in the tables, has the same meaning as before. In the

case of the angle-integrated data, however, EMA X is very close to Eo, and

one may with impunity take the analytic function to be valid from EMI N to

E
O"

Values of X_ for each of the fits are given in Appendix 2.
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APPENDIX i

DETAILS OF MONTE CARLO DATA ANALYSIS

A. Cascade Neutron- and Proton-Emission Spectra

In this appendix, the manner in which the Monte Carlo data were ana-

lyzed to produce the values that were fitted will be described. In the

case of the cascade particles, the Monte Carlo history tapes were available

and were used.

Let

N = the total number of particles, either neutrons or protons,

emitted into a specified angular interval from NH incident-

particle collisions,

k = an even integer,

[x] = the integral part of the number x,

and assume that the N-emitted particles have been arranged in the order of

increasing energy. If one now defines

E i = the energy of the i[_] emitted particle where i = i, 2,... k-2,

Ek_ 1 : the energy of the _ _ + (k-2)[ . emitted particle, and

E k = the energy of the highest emitted particle,

then there is an equal number of emitted particles between E. and E. ex-
1 l+l

cept for the last two i values. The energies E. for even i will be used to
1

define the energy intervals in a histogram representing the energy distri-

bution. The ordinates FE. in the histogram are given by
1

FE = H'N--(Ei+I- " i odd and < k-1 ,i E ) 2£(cos 8 - cos e ) '
1-1 1 2

. (A.1)



104

where 8 and 8 are the limits of the angular interval being considered.

In analyzing the data, it was arbitrarily assumed that no statistical

significance could be attached to less than ten emitted particles in a given

energy interval. The quantity k was taken to have the value 50 and 2[_]

was tested to see if it was greater than ten. If it was, k = 50 was used;

if it was not, k was systematically reduced and the largest even value of

such that 2[_] _ i0 was used. In a few cases, the value of kk determined

in this way was less than eight - i.e., the histogram contained less than

four energy intervals. When this occurred, it was decided that the par-

ticles emitted in the particular angular interval under consideration were

statistically insignificant and no attempt was made to obtain a fit.

In doing the fitting, the histogram value FE. was taken to be an esti-
m

mate of the energy distribution at the energy E.. In a given angular in-
l

terval, there are k/2 histogram intervals and thus k/2 points to be fitted.

Actually, k/2 + i points were used in all intervals except the very special

case when the highest energy interval in the histogram contained exactly

ten emitted particles. The additional data point used was obtained by de-

fining

E = the energy of the N-5th emitted particle,
a

Eb = the energy of the N-lOth emitted particle,

and estimating the energy distribution, FE , at the energy Ea to be
a

i0
FE -

a NH(E k- Eb) 2_(cos 81- cos 82 )
(A.3)
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This data point is introduced in order to extend the fit to as high an

energy as possible. The energy Ea is always larger than the energy Ek_l,

and, because of this additional point, the fits are valid - i.e., they do

not behave erratically for energies less than E . The use of this addi-
a

tional point means that the very high energy emitted particles are given

more weight than the other emitted particles. It is to be understood that

there is no particular justification for this other than as an artifice to

extend the fits.

In the case of the spectra integrated over all angles_ the data analysis

is carried out exactly as above except that the cosine differences in the

denominators of Eqs. A.I, A.2, and A.3 are omitted.

B. Evaporation Neutron- and Proton-Emission Spectra

In the case of the evaporation particles, the Monte Carlo history tapes

were not available and the histograms that were fitted were constructed

directly from the equal-energy-interval histogram data presented by Bertini.

Let Gi be the value of the energy distribution - normalized to unity -

to E ;of either evaporation neutrons or protons in the energy interval Ei_ I i

that is,

M

a±

(A.4)

f_E = E.- E. = constant •
i I: 1

where M is the total number of intervals in the histograms of Bertini. The

probability, Pj, of a particle having energy less than E. is given by0

P. = AE _ G. (A.5)
j 1

i=l
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Let P_ be a set of probability values defined by
8

p! -J
8 - _, j = i,..., T,

P! _-- 0 ,

o

(A.6)

and let E! be the energy values corresponding to these probabilities - that
8

is, E! is an energy s_ch that P_ is the probability that a particle will
J 8

have energy less than E!. The energies E! were determined by interpolating
8 J

in the tables of P. and E.. Logarithmic interpolation was used in all ex-
5 J

cept the lowest energy interval where linear interpolation was employed.

The e_rgies E[ for even j were used to define the energy interval in a
$

histogram of the energy distribution. The ordinates in the histogram are

given by

2 i

GE,"J= n _ (Ej+I- E'.3_I) ' j odd, (A.7)

where

n = the average number of emitted particles per collision.*

This histogram, because of the way the energy intervals were chosen, has

the property that there is an equal probability for finding an emitted par-

ticle in any of the intervals.

In analyzing the data, T was taken to be 40 provided that N, the total

number of particles emitted in the NH Monte Carlo collisions considered,

was greater than 200. If this was not the case, T was taken to be

that is, it was arbitrarily assumed that no statistical significance could

*Note that since n has been introduced into Eq. A.7 the histogram is

normalized to the average number oF emitted particles.
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be attached to an energy interval which did not, on the average_ receive

ten of the emitted particles in the Monte Carlo studies. If N was less

than 40, it was assumedthat the sample was not statistically significant

and no attempt was madeto obtain a fit.

In doing the fitting, the histogram value GE! was taken to be an esti-
J

mate of the energy distribution at the energy E_.J

C. Cascade Neutron- and Proton-Emission Spectra Integrated Over All Angles

The data analysis for this case is exactly the same as that in section

A of this appendix except that the factor 2_(cos 0 - cos e ) must be omitted

from Eqs. A.I_ A.2_ and A.3.
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APPENDIX2

CHI-SQUAREDVALUES

The validity of an analytic fit to statistical data is often discussed
2 6

in terms of the X value. For the energy spectra fitted in section III,

2
approximate value of X may be determined from the equation*_an

[FE_ F(Ei)]2

2 _ • (A2l)X = NH ZXEi , "

E. F(Ei)
i

where the notation is the same as in Appendix i. Equation A2.1 may be put

in the form

F(Ei)
and, assuming

FE.
i

F(Ei)]2

2 l z z (A2.2)X = NH

E. F(Ei)
1

-- is small,

F(E i ) F(E i )

FE" _ i + log FE"
i i

, (A2.3)

so

X2 = NH _ (fkEiFEi)Elog F(Ei)[12

E. 1
1

(A2.4)

Because of the manner in which the AE. intervals were chosen (see Appendix i),
I

FE. fkE.m= constant (A2.5)
i

*See ref. 6, page 66.

7_o obtain X2 for the evaporation spectra, FE. and F(Ei) must be replaced

by GE. and G(Ei). l
i
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and Eq. A2.4 becomes

2

i

(A2.6)

where R is the quantity which was minimized in obtaining the fits. In

2
addition to the value of X , one also needs the number of degrees of

freedom, n, which is defined by

n = the number of fitted points - the number of parameters in the fit.

Values of x2/n and n for all of the spectral fits given in Tables 2

through 81 are given in Tables A2.1 through A2.8: Tables A2.1 to A2.4

contain values for the fits given in Tables 2 to 41, Tables A2.5 and A2.6

contain values for the fits given in Tables 42 to 61, and Tables A2.7 and

A2.8 contain values for the fits given in Tables 62 to 81. For those cases

where no fits were obtained because of poor statistics, there are, of course,

no values of )(2/n and n.

For each individual fit the value of x_/n yields only a limited amount

of information. In the present instance where there is a large number of

fits, by grouping the fits with the same number of degrees of freedom one

can obtain somewhat more general information. If the errors in the Monte

Carlo values are n_m_j d_o_r_u_ed about the fitted 9anction, then the

values of x2/n for a given n should have a probability distribution given

by
n n

2 7 2i -1 2 -,

n exp -F (_'-)= n 2- '

n n 2 5 r (2)

(A2.7)

where r is the usual gamma function.
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In Fig. A2.1 the distribution of xe/n obtained from all of the fits,

with n = 20, to the cascade-particle spectra is comparedwith the theo-

retical distribution, F The calculated distribution gives an average
eo

value of x2/n of approximately 1.2, while the theoretical distribution

gives an average value of x_/n of i. Since the calculated distribution is

a rather good representation of the theoretical distribution, one may con-

clude that in general the fitted function is a reasonable representation

of the function described statistically by the Monte Carlo data.

In Fig. A2.2 the distribution of x_/n obtained from all of the fits,

with n = 15, to the evaporation spectra is compared with the theoretical

distribution, Fis. The calculated distribution gives an average value of

xe/n of approximately 2.8, while the theoretical distribution gives an

average value of I. Since the calculated distribution is rather a poor

representation of the theoretical distribution, the analytic fits in the

case of the evaporation spectra are only an approximate representation of

the functions described statistically by the Monte Carlo data.
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Errata

ANALYTIC REPRESENTATION OF NONELASTIC CROSS SECTIONS AND

PARTICLE-EMISSION SPECTRA FROM NUCLEON-NUCLEUS COLLISIONS

IN THE ENERGY RANGE 25 TO 400 MeV

R. G. Alsmiller, Jr., M. Leimdorfer, and J. Barish

Change Eqs. i and 2, page 4_ from

oCn-ex [[ ]
j=o

_) j_,_

1
E. j=o
i

to read

G(E) _- 0_ exp a.a

j-_o

,g

1
E. j_o
1

(1)

(2)

(1 .a)

(2 .a)

that is_ the coefficients ao printed in Table i are correct only if

the exponential in Eq. i is divided by 400. When the coefficients

in Table l'are used in conjunction with Eq. l.a, the cross sections

are given in millibarns.


